Quantum mechanics imposes a fundamental bound on the minimum time required for the quantum systems to evolve between two states of interest. This bound introduces a limit on the speed of the dynamical evolution of the systems, known as the quantum speed limit. We show that black holes can drastically affect the speed limit of a two-level fermionic quantum system subjected to an open quantum dynamics. As we demonstrate, the quantum speed limit can enhance at the vicinity of a black hole's event horizon in the Schwarzschild spacetime.
I. INTRODUCTION
Understanding the underlying dynamical structure of black holes is of vital importance for shedding a new light on fundamental issues of the black hole physics [1] . Black holes are usually considered to be captured by the general relativity; however, near the horizon of a black hole, quantum theories have significant effects on the physical events as well [2] . One important effect that emerges from the combination of quantum and relativity theories, on the event horizon of black holes, is the evaporation of black holes by emitting the socalled Hawking radiation [3] . This description has led us to a profound physical intuition, where the number of particles that an observer detects depends on the relativistic nature of the black hole. These studies brought up some contradictions and paradoxes, such as the information paradox [4] [5] [6] [7] [8] . Resolving these paradoxes requires a better understanding of the quantum description of the relativistic theories [1, [9] [10] [11] [12] . Furthermore, a better insight into the quantum processes at the vicinity of the black holes may pave the way toward having a consistent picture of the entire universe [13] .
Recent developments of the observational techniques on detecting black holes effects, such as LIGO gravitational wave detection [14] or the central supermassive black hole of Milky way known as the Sagittarius A ⋆ [15] , are promising that more useful observational data on black holes will be accessible in the near future. Moreover, the study of analogue black holes [16, 17] or artificial black holes [18] based on various physical systems, such as acoustic black holes [19] which are created in the water tanks experiments [20, 21] , atomic Bose-Einstein condensate analogy [22, 23] , or ultrashort pulses produced in optical fibers [24] , enables investigation of the quantum effects of the black holes in the laboratory more feasible [25] [26] [27] [28] Quantum mechanics imposes a fundamental bound on the maximal speed (minimal time) of the dynamical evolution of any quantum process [29] . In the simplest scenario, the timeenergy uncertainty principle sets a limit on the minimal time that is required for the dynamical evolution of a system between two states of interest [30] . The so-called Quantum Speed Limit(QSL) plays a central role in understanding the fundamental dynamical nature of quantum systems [31] and in the quest for ultimate speedup in technology, with a vast span of applications from optimal control theory for various information processes [32] [33] [34] to nonequilibrium thermodynamics [35] .
We show that QSL time of an open quantum dynamics can, indeed, decrease on a Schwarzschild black hole's event horizon, indicating a speedup on QSL of the dynamical evolution of the quantum systems on a black hole's event horizon. This speedup is demonstrated for both Markovian and nonMarkovian quantum dynamics.
II. DIRAC FIELD IN THE SCHWARZSCHILD SPACETIME
We consider a Dirac field in the presence of a non-rotating spherically symmetric Schwarzschild black hole [36] [37] [38] . The Schwarzschild spacetime metric with the coordinate parameters (t, r, θ, φ) reads [39] 
where, the units ̷ h = G = c = k = 1 here. M is the mass of the black hole, and dΩ 2 = dθ 2 + sin 2 θdφ 2 is the metric of a two-sphere with unit radius. The surface with r = 2M is a coordinate dependent singularity known as the horizon of the black hole, associated to the radius called the Schwarzschild radius, denoted by r s [40] .
Considering the Dirac field of mass m D , the field equation is determined by [41] [42] [43] (iγ
where γ µ 's are the general form of the 4 by 4 Dirac matrices, which are related to the normal Dirac matrices in the Minkowski spacetime by e µ a γ a , which e µ a being defined as the inverse tetrad basis e a µ , and the metric tensor being defines as
ν a e bν;µ . To consider the dynamical structure of the quantum systems subjected to the Schwarzschild black holes, we quantize the Dirac equation in Eq.(2), for the massless field studied in this work. We can express this equation in a conformally flat form by introducing the conformal distance r ⋆ = r + 2M ln(
) [39, 44] . This new coordinate is called tortoise coordinate, which is expressed by the parameters (t, r ⋆ , θ, φ). This coordinate asymptotically reaches the Minkowski coordinate as r ⋆ goes to infinity [39] . Now, we can define the lightcone coordinate as u = t − r ⋆ and v = t + r ⋆ . By solving Eq. (2) 
where, the labels (I, II) indicate the outside and inside of the event horizon, respectively. g is a 4-component Dirac spinor, and k is the wavenumber related to the frequency ω. Now, by quantizing the Dirac field of the outgoing modes in the tortoise coordinate we obtain
the labels (+, −) on the wavefunctions refers to the positive and the negative frequency solutions of the Dirac equation corresponding to the particles and anti-particles. Here, a
are the creation and annihilation operators for the particles and antiparticles of the Dirac field, respectively. We also note that σ ∈ {I, II}. Eq.(4) demonstrates the Dirac field in the coordinate of an observer located in a fixed distance outside of the event horizon.
Considering an observer that freely falls into the Schwarzschild black hole, we write the metric in the form of the proper timet and the proper distancer and introduce the lightcone coordinate (ū,v) such thatū =t −r andv =t −r. The parameters of the coordinate (ū,v) are related to the parameters of tortoise coordinate (u, v) for r > r s (region I) by [39] 
To obtain the coordinate of the inside of the horizon (region II), we only need to change the sign of the coordinate components in the above relation, i.e., (ū,v) ↦ (−ū, −v). Therefore, we can express the Schwarzschild metric in Eq. (1) 
By expanding the Dirac field Ψ in the Kruskal spacetime, we have (4) and (7), respectively.
The creation and annihilation operators of the Dirac field in the Kruskal coordinate can be written in the basis of tortoise coordinate though Bogoliubov transformations. From this transformation, one could write the vacuum and the excited states of Kruskal coordinate in terms of tortoise coordinate as [43] 
where ζ = (e −ω T + 1) −1 2 , η = (e ω T + 1) −1 2 , and T = 1 8πM is the Hawking temperature. In our analysis, we define ζ ∶= cos(r) and η ∶= sin(r).
III. QUANTUM SPEED LIMIT FOR MARKOVIAN AND NON-MARKOVIAN DYNAMICS NEAR THE EVENT HORIZON
The question of how fast a quantum system evolves on the event horizon of a black hole is of vital importance for understanding the physical nature of the black holes. In the quantum mechanical description, the state of a quantum system is given by the density operator ρ. We can express the initial state in the Kruskal observer frame which is locally equivalent to the Minkowski metric. If the initial state of the system is described by ρ 0 , with respect to the observer in the Minkowski spacetime, after evolution for a time interval t, the system would be in its final state ρ t . Given the initial and the final density matrices of a system, one may ask what is the maximum speed of the evolution that the system can evolve between these two states? In the realm of open quantum dynamics, the answer to this question may not be easy, as we do not have access to all of the degrees of freedom of the environment [31] . Recently, a new method has been introduced to tackle this problem, with the notion of the QSL [31, 46] . QSL time between two density matrices of the interest can be given as [47] τ
Where F (ρ 0 , ρ t ) is the fidelity of the two states ρ 0 and ρ t expressed as
Also, X(τ ) is defined as
where,ρ t indicates the time derivative of the density operator ρ t .
III.1. Quantum speed limit near the event horizon with no memory effects
Quantum systems inevitably interact with their surrounding environment and share information with the systems that they interact with. We consider a simple scenario where a twolevel quantum system (a qubit) interacts with its environment. We represent the ground state of our system by 0⟩ S and the excited state of the qubit by 1⟩ S . If the system is initially prepared in the excited state 1⟩ S , after a while, with some probability P it may decay to the ground state 0⟩ S . In this process, the environment evolves from its ground state 0⟩ E to the 1⟩ E , where we have assumed that the environment is in a vacuum state. Otherwise, if the initial state of the system is the ground state, it will remain in the ground state. These processes can be expressed as [48] 
The transition probability here is time dependent and could be expressed in terms of the decay rate Γ as
. This is equivalent to the dynamics of a qubit in a lossy channel, where there is no memory effects.
Since we only are interested in the dynamics of the system, we trace out the environmental degrees of freedoms. As a result, we can define the so-called Kraus matrices [49] as
Here, M 0 describes the situation where no transition from the exited state to the ground state happens, and M 1 represents the quantum transition to the ground state. Using these matrices the density matrix of the system reads
This is the density matrix observed by the observer in the Kruskal reference frame. To distinguish the reference frames, we put the label K to physical quantity expressed in the Kruskal reference frame, and use label T for quantities described in the tortoise coordinate. To see how the tortoise observer interprets the evolution of the system near the horizon we can use the result of Eqs. (8) and (9) . Since the tortoise observer outside of the horizon has no access to the information inside of the horizon (region II), we trace out this region to obtain the state of the system outside of the horizon. With this in mind, the density matrix of the system in the tortoise coordinate degenerates to ρ IT = T r(ρ T ) II = ρ 00 cos 2 (r) ρ 01 cos(r) ρ 10 cos(r) ρ 11 + sin 2 (r)ρ 00 .
Without loss of generality, we take the density matrix of the two-level system, in the inertial frame, as where, I is the 2 × 2 identity matrix of the Hilbert space of the system, and ψ⟩ is the pure state given by ψ⟩ = 1 √ 2 ( 0⟩ S + 1⟩ S . The parameter α determines the degree of the pureness of the state. For α = 0, the state of the system reduces to a maximally mixed state, and for α = 1, it becomes a pure state.
Given the initial state of the system and the density matrix ρ IT , we can investigate the QSL of the dynamics of the system through Eq.(10). In Fig.(1) we present the QSL time of the system as a function of parameter r, using Eq.(10). Accordingly, the quantum speed limit time of the pure state decrease monotonically as r increases.
For highly mixed initial states, the QSL time slightly increases as the parameter r increases, and then it monotonically decreases by r. In all cases, the QSL time decreases remarkably for relatively large rs. This indicates that a dynamical speedup at the vicinity of a black hole is expected. Furthermore, the QSL time is always longer for the pure states, which is in agreement with the non-relativistic scenario of the dynamical speed limit.
In Fig.(2) we present the QSL time of the system as a function of the decay parameter Γ, for fixed rs. In this figure, we choose the situations when there is no gravitational effect (r = 0 ), and when the gravitational effect is the highest (r = π 4 ). In both cases, the QSL time starts from zero and increases until it asymptotically approaches a fixed value for large Γs. Even though both cases exhibit similar characteristics, the QSL time approaches a smaller value when there is gravitational effect, which can be translated into the enhancement of the QSL in this case. In most of the realistic scenarios, environment has some structured spectral density function where the memory effects can play a significant role in the dynamics of the system. The dynamics in this setting can be Markovian or non-Markovian [50] . We consider the qubit interacting with the environment which has an effective Lorentzian spectral density function [51] J(ω) = 1 2π
where, ω 0 denotes the frequency of the qubit, γ 0 represents the coupling strength, and λ is the spectral width. Thus, the initial state ρ 0K , after a time evolution t, degenerates to ρ tK , which can be expressed as [52] 
Here, the function G(t) is determined by
The parameter d is d = λ 2 − 2γ 0 λ. The dynamics of the system is considered to be Markovian when γ 0 ≤ λ 2
, and it is considered to be a non-Markovian dynamics if γ 0 > λ 2 [51] . Similar to the previous scenario, to investigate the effect of the Schwarzschild black hole on the time evolution of both Markovian and non-Markovian system dynamics we consider the initial state of the system to be in Eq.(15)
With the density matrix at hand, we can calculate the quantum speed limit time, τ QSL , for the system through Eq.(10). First, we consider the Markovian dynamics in Fig.(3) . In our analysis, we choose the parameter λ to be λ = 10. For the small coupling strength γ 0 , the τ QSL for the pure states is larger than that for the mixed states when the gravitational effect is not very large; however, the large gravitational effect may make the pure states to have smaller τ QSL . Thus, the existence of a black hole can affect pure states dynamics more compared to the mixed states, as τ QSL reduces faster in this regime (see Fig.(3)(a) ). According to Fig.(3)(b) , for moderately large coupling strength γ 0 , the pure state has always larger τ QSL , even though τ QSL may decrease due to the gravitational effect. We consider the non-Markovian dynamics in Fig.(4) , where we observe that the larger coupling strength γ 0 , results in a smaller τ QSL , in general. Also, the non-Markonovity can drastically affect the QSL of the system. For large enough non-Markonovity, the QSL of the pure states can be smaller than that of the mixed states. Nonetheless, Figs.(3) and (4) show that, for high black hole temperatures, the QSL can drastically enhance even when the memory effects are pronounced in the system.
In Fig.(5) , we present the quantum speed limit time of the system as a function of γ 0 for λ = 10, which captures both Markovian and non-Markonovity dynamics. Here, τ QSL decreases as the coupling strength increases. This also confirms that the quantum speed limit time can be shorter around the black holes and in presence of the gravity in general.
IV. CONCLUSION
Quantum mechanics sets a fundamental bound on the minimum time required for dynamical evolution between two states of a system. This bound introduces a limit on the speed of dynamical evolution of a system. We showed that QSL time of an open quantum dynamics can indeed decrease on a black hole's event horizon in the Schwarzschild spacetime, inherited from the uniform acceleration of the Dirac field. Our analysis covers both Markovian and non-Markovian regimes and exposes the dynamical nature of QSL of quantum mechanical processes near the black hole. Our results incorporate a more generic setting of any accelerating frame due to the equivalence principle [39] . Thus, similar conclusions can be made for an accelerating frame in the flat space-time which results in the Unruh effect. Our approach utilizes techniques from quantum information and quantum optics to grasp the quantum dynamics of black holes. This may open a new arena towards a better understanding of the black holes dynamics.
